
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



Solvable Quintic Equations with Commensurable 

Coefficients. 

By George Paxton Young, University College, Toronto, Canada. 



Object op the Paper. 

§1. Some time ago, in the American Journal of Mathematics (Vol. VI, page 
103), the present writer sketched a general method for finding the roots of 
solvable irreducible equations of the fifth degree. The method was partially 
developed, and its application to certain forms of quintic equations was shown. 
It is now proposed to give the method the farther development necessary to 
make it applicable, by a definite and certain process, and without any difficulty 
beyond the labor of operation, to all solvable irreducible quintics having 
commensurable coefficients. The following equations will be solved as examples 
of the application of the theory : 

1. a; 5 + 3a; 8 + 2x — 1 = . 

2. a; 5 — 10a; 3 — 20a; 2 — 1505a; — 7412=0. 

625 

3. a; B + -j-x + 3750 = 0. 

5 22 s 11 2 , 11x42 ,11x89 

5. a; 5 +20a; 3 + 20x 2 + 30a; + 10 = 0. 

6. a; 5 + 320x 3 — 1000a; + 4288 = 0. 

7 - (^)W^y- 69 (w)+ i<,8 = o - 

8. a: 5 — 20x 3 + 250a;— 400 = 0. 

9. a; 5 — 5a; 3 + -^-x— -|- = 0. 
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n 4a; 29 

. , 10* , 3 
12 - ^ + l3+T3- = °- 

13. a 5 + 110 (5a; 3 + 60a; 2 + 800a; 4- 8320) = 0. 

14. a; 5 — 20a; 3 — 80a^ — 150a; — 656 = 0. 

15. a; 5 — 40a; 3 + 160a; 2 + 1000a; — 5888 = 0. 

16. (^) 5 _ 50 (|~)- 600 (-0- 2000 (-£-) - 11200 = 0. 

17. a; 5 + 110 (5a; 3 4- 20a; 3 — 360a; 4- 800)= 0. 

18. a; 5 — 20a; 3 + 320a; 2 + 540a; + 6368 = 0. 

19. a; 5 — 20x 3 — 160a; 2 — 420a; — 8928 = 0. 

20. a; 5 — 20a; 3 + 170a; + 208 = 0. 

The first equation in this group was brought under the notice of the writer 
by a mathematical correspondent ; the fourth has been treated by Lagrange ; the 
others were formed by the writer with a view to the full illustration of his 
theory. 

The Method. 

§2. In the article of the Journal above referred to, certain principles were 
assumed, as having been previously established, or as being known to mathema- 
ticians. It was taken for granted that the root x of the solvable irreducible 

quintic a; 5 + p % x 3 + p$? + p$c + p % = (1) 

is0ftheform i-(A*+A| + Af + Aj), 

or, putting u x for — Af , u % for — A| , tf 3 for — Aj , and u± for — Af , 

where u lt u. 2 , u 3 and % are the roots of a quartic equation, which, when irredu- 
cible, as it is in the most genei^al case, that includes all the others, is a uni-serial 
Abelian. The expressions % , u 2 , u 3 and u 4 are such that 

%« 4 =g l + av'z|. / 2 \ 

u % u 3 = g — a\/z J ' 

and u\u 3 = h -\- c*/z + (0 + <|>\/z) \/(hz + h\/z) 

u i u 2 = & + c*/z — (d + ty\/z) \/(hz + h\/z) ,„.. 

u\u x = 7c — c*Jz + (6 — tyVz) \/(hz — h^/z) ' "^ J 

%i\u i = h — cis/z — (0 — <pVz) */(Jiz — lisj z) 



Young : Solvable Quintic Equations with Commensurable Coefficients. 101 

where g, h, a, c, h, $ and ty are rational; and z = e 2 + 1, e being rational. It 
is readily seen that 



9 ~ ~ K> ' and h = 



20 



Because u\ = ( ^ 8)8(m | %) , it follows from (2) and (3) that 

u\ = B + B'a/z + {B" + BWz) V(hz + hVz) 
n\ = B + B'*/z — {B" + B'Wz) V (hz + h */z) 
u\ =B— BWz + (B" — B'WzW{hz — hs/z) 



(4) 



«§ = B — 3Vz — (5" — BWz)V(hz — hVz) 
where B, B', B" and B'" are rational functions of a, c, e, h, 6 and ^>. In like 

, we have from (2) and (3) 



, „ (u(u s )('i4u 1 ) 

manner, because u{u^ = 



u^h 



ufu 2 = A + IVz + (J." + A"Wz)V(hz + 7t>/z), 
where J., A', A" and J/" are rational. The value of J. is 



A = 



<f. 



\ g (7c 1 ~ ch) + azhe (6" — q?z) } . 



(5) 



From these data, the six equations, involving the six unknown quantities 
a, c, e, h, 6 and <|>, are (see Journal of Mathematics as above) obtained : 

Pi= — 20 A + 5<f + 15ah 
p 5 = — 4B + 40acz 
B"= 1 

B"> = ( 6 ) 

hz (0 2 + <ph + 20<?)) = W + c 2 z — g (g % — ah) 
h (0 2 + <ph + 20<£z) — 2hc — a (g» — a 2 z) 

Our business is to obtain u\ , u\ , u\ and u\ from these equations. 

§3. It will be found that ah is the root of an equation F(y) = 0, 
whose coefficients are rational functions of p 2 , p 3 , p A and p h , and which, 
when jp 3 is zero, is of the sixth degree. Since ah is rational, it follows that, 
when the coefficients of the given quintic are commensurable, the equation 
F(y) = has a commensurable root. Let this be found. Then ah is known. 
The formulae from which the equation F(y) = is obtained give us, along with 

ah, the value of — ■. The remaining elements necessary for the determination 

of u\, ul, u\ and u\ may then be obtained from linear equations, without finding 
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a, c, e, h, 6 and q> separately. Thus a solution of the given quintic is effected. 
It will be pointed out how a, c, e, h, 6 and $ can be found separately, should 
we desire to obtain their values. 



The Proof. 
Case in which p % is zero. 

§4. When£> 2 =: 0, the investigation is much simplified. By beginning with 
this case, and presenting a full description of it, we shall be prepared for giving 
an exposition, less detailed, but still sufficiently minute to make the theory 
intelligible, of the case in which p % is not assumed to be zero. When^ is zero, 
equations (2) and (5) become 

M i M 4 — a*/z ~\ 

u 2 u 3 = — a\/z 



and 



A= — 



U (g» — ftV) 



\ 



(?) 



a 



Since B is the coefficient of the rational part, B the coefficient of */z, B" the 
coefficient of V (hz + 7i\/z) , and B'" the coefficient of s/z \/(hz + h*/z), in the 
expansion of u\, their values are given by the equations 



a?zB = 2h(¥ — ch) — a 3 cz* + 2czhe (0 2 — tfz) 
ahB = 2c (/<? — ch) + a 3 kz + 2lche (0 2 — <ph) 

ahB" — 2(F 
ahB'" = 2{¥ 



c z z \ _ 2 (jg + <?z)(0 + <pz) z(0 + <p)(4kc + ah) 
J ' e e 



ch)<p + 



2 (I s + ch)(6 + $) (fl + »g)(4ftc + ah) 



(8) 



The equations (6), when p 2 is zero, become 

Pi = — 20 A + 15ah 
p$= — 4:B -j- 40acz 
B" = l 
B'" = 
hz (0 2 + <j>h + 26$) = ¥ + <?z 
h (0 2 + tfz + 2§<pz) = 2kc + ah 

Let y = ah"j 

— c i 
and a ) 



(9) 



(10) 
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Substituting in the first of equations (8) the value of B obtained from the 
second of equations (9), and the value of he (0 2 — <£ 2 z) obtained from (7), and 
making use of (10), 

p 5 y — — 87c (¥ — tfy) + 44ty 2 + Sty A . 

Therefore, by the first of equations (9), 

Slcytf + (50/ — \p&) t = S¥+ p,y . (11) 

§5. Again, from the last two of equations (9), because z = e 2 + 1 , 

he 2 (0 2 + <p 2 z) = (Ji + c 2 z) — {2lcc + ah). 
Therefore, by (10), 

U (0 2 + tfz) = (A? -f tfy) — a (2kt + y) . (12) 

Similarly, from the last two of equations (9), 

2hze*0<l> = az (2ht + y) — (P + tfy) . (13) 

And (0 2 — tfzf = (0 2 + <phf — 4z (Oy ) . 

Therefore, from (12) and (13), 

(Ae 2 ) 2 (0 2 — tfzf = { {Ttf + tfy) — a {2lct + y) } 2 — — j az (2kt + y) — (tf - tfy) } 2 
.: zhV (0 2 — <p*zf = (jfc* + « 2 ?/) 2 — y (2fc + y) 2 . 

Hence from the value of he (0 2 — q?z) in (7), 

(7^ + tfyf — y(2ht + yf = za % A* = yA\ 

But, by the first of equations (9), 

Therefore, (P + fy)« - y (2ht + yf = y (?l - ^j. (15) 

And, from (11), 

8k (# + %) = (16F + ^) - t Q>0tf - -|- j)^) . 

Substitute in (15) the value of ¥ + tfy here given. The result is 
tf {(60y» — -|j>#) — 256*ty} + *{ — 2(16F + p 52 /)(50/y 2 — ^ 4 2/)— 256% 2 | 
= 64% (3L - |l) + 64% 3 - (16# + i^) 2 . (16) 
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§6. In (11) and (16) we have two equations, with the two unknown quanti- 
ties y and t. The equations may be written 

8kyf + myt = n\ ,^ 

and vyf + qyt =r\ 

where _ _ 2 

m = 50y jr-pt, 

n = 8/c 3 + p$, 

v = yQ>0y - ~p^ — 256W 

= 2500y 8 — 40/> 4 y 2 + izrtfy — 256A; 4 , 

q = — 2 (16& 3 + p 5 y) (50y — A^) - 256% 

/ 4 \ 64 

= — lOO^y 2 + (^-^4^5 - 1856/r) 2/ + — Jtpt, 

r = lOOFy 3 - Q^f- + pi) if + (~pll* - 32*%) y - 256* 8 . 

§7. The elimination of t from the equations (17) gives us 

(vn — SJcrf + y (qn — mr)(vm — Shq) = . (18) 

From the values of m, n, v, q and r in §6, 

vn = 2b00p s i/ + (200007*: 8 — 40p iPs ) y 3 + (^lips — 320^ 3 ) y 2 

+ (|^1# 3 - 256*%) y - 2048F ; 
8*r = SOOFy 3 — (~ pjc 3 + 8jj|Aj) y 2 + (||#— 256*%) y — 2048F; 

qn = -100iV+(4" ^ _ 2656 ^) y* + (-^-^^4- 14848*") y + 512*%; 

/248 2 \ 

mr = 5000* 2 y 4 - (28C%* 2 + 50pJ) y 3 + (^-#— 1600*% + ^ p,p\) f 

- (l 2800* 6 + A ^ - -^ *%p 6 ) y + ^ *%; 

/ 8 \ 512 

w = 125000y 4 — 3000py + 24^— (l2800* 4 + ^g^l) y + -^pJ^) 

-g- *i^ 5 — 14848* 4 ) y + ^-i> 4 * 4 . 
.-. to — 8*r = y 2 { 2500/? 5 ?/ 2 +(19 200* 3 — 40p 4 _p 5 ) y 
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qn — mr —y j — 5000fty + (— bOp\ + 2%QpJt?) y* 
+ (~p iP \- 1056^- ~pV<f) y 
+ ft 3 (- 2048ft* + ~p\ + f-ftj^)} ; 

vm — 8kq = y j 12500(h/ 3 — 3000p^ 2 + ( 24 i?! + 800%^ y 
- (- 2048ft* + ^ p\ + f- ftp 4j p 5 ) } . 

By substituting in (18) these values of vn — 8ftr, qn — mr, vm — 87cq, we get 

F{y) = 2o3/ 6 + Wf + •••• + q& + q 9 = 0, (19) 

where 

q Q = — 625000000, 

q 1 = 50000000^4, 

q % = — 200000 (200% + llpl) , 

q 3 = 102400000ft 4 + 1280000ftp 4 £> 5 + 44800j?f, 

q i = — (256007cplp 5 + 4096000#p 4 + 640000^ + 448^ 4 ) , 

ft = 8192ft^/ 5 -2048Xl856ft^ B +64ft a +^ft^l+^ft i ^ 5 + |^^, 

(8 32 \* 

125 Pi - 2048 ^ + -5- h PiP*) • 

§8. Assuming now that the coefficients p 3 , p it p$ are commensurable quan- 
tities, let the commensurable root y of equation (19) be found. Then ah is 

known. Then, from (11) and (16), t or — is found. 

§9. At this stage, as was indicated in §3, two courses are open to us. One 
is to proceed to find u\, u\, u\, u\ without troubling ourselves to inquire what 
a, c, e, 0, $ and h are separately. This, the natural and the shortest course, we 

will now follow. Since ah and — are known, their product acz is known. And, 

by (14), A is known. Therefore cz7ie(d 2 — tyh), which, by the last of equations 
(7), is equal to — aczA, is known. Hence, by the first of equations (8), B is 
known. We might even more simply, acz being known, find B from the second 
of equations (9). The second of equations (8) gives us 

y (JBVz) = 2cVz (ft 2 — <?z) + ahh (a*/z) — 2lcAa*/z. (20) 

Now acz is known, and it is the same as (a\/z)(c\/z) ; consequently, the signs 
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with which c\/z and as/z must be taken relatively to one another are known. 

Therefore B's/z is known. Therefore B -+- B'^/z is known. But, by the manner 

in which B, B', B" and B'" were taken, keeping in view the values of B" and 

B'" in (6), u\ = B + B's/z + ^(hz + IWz), 

and u\ = B + Bl*J z — V (fa + hs/z) . 

.-. ( Mi m 4 ) 5 = {B + 5Vz) 2 — (fo + AVz) • 

And, by (7), u^ = as/z. Therefore hz + Ti^/z = (B + 5Vz) ? — (a-s/s) 5 . This 

gives us u\ = B + £Vz + */ { (B + £Vz) 8 — K») 5 f , 

M J = B + 5V 2 — V j |(.B + 5Vs) 2 — (a\Zzf j , 
m| = B — 5Vz + V { {B — B'Vzf + {a\/zf \ , 



W. 



5 — 



= B — 5V» — V { (-B — B's/zf + (aVzf } . 



Hence « x + -w 4 + u % + m 3 , the root of the given quintic, is known. 

7b yww$ a, c, e, 6, <p and h separately. 

§10. If we desire to obtain the values of a, c, e, 6, <j> and h separately, we 

may first find a by means of a quadratic equation. By (12) and the third of 

equations (7), 

M (0 2 + <ph) = (¥ + ?y) — a (2Jd + y) 

and M (0 2 — <ph) = —aeA. 

Therefore, 2he i 6 i = (F + fy) — a (2ht + y) — aeA. 

Also, by (13), 2hze*d<p = az {2ht + y) — {¥ + tfy) . 

Therefore, _0__ (& 2 + tfy) — a(2kt + y) — aeA 

<pz ~ az(21d-\-y) — {F-\-tfy) 

But, by (9), B'" = 0. Therefore, from the last of equations (8), 
6 _ 2e (Jtf — eh) + 2 (F + ch) — 2 (4&c + ah) 
Qz ~ z \ (4he + ah) — 2 (k 2 -4- c 2 z) j- 

_ 2e (#— %) + 2 (Jfc» + f»y) — az (4M + y) 
~~ az {AH + y)^2z (F + tfy) ' 

From (21) and (22), 

(#s _|_ tfy) — a (2M +y) — aeA _ 2e (g — tfy) + 2 (g + ly) — az (4/rf + y) 

az(2& + y) — (& 2 + i 2 y) " az(4^+y)— 2z(& 2 + %) ' 

(# _|_ tfy) — a (2/5* + y) — aeA _ 2ae (k % — tfy) + 2a (W + fy) — ah (4M + y) 



(21) 



(22) 



or, 



ah{2M + y)— a(P + tfy) ~ a (ah)(4M + y) — 2ah (P + tfy) 

(It? + tfy) — a (2M + y) — aeA _ 2ae (F — tfy) + 2a (tf + tfy) — y (4M + y) 
— y (2U + y)-a(tf + tfy) ~ ay (« + y) - 2y (t» + %) 
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Put (3 = {¥ + fy) — a(2kt + y), 

r = y(27ct + y)-a(7c* + ?y), 

8 = ay (47ct + y) — 2y {¥ + fy) , 

c=2a{7c* + ?y)-y{47ct + y), 

r = 7c* + Py. 
Then /? — aeA 2aev + a 

;. ae (8 A + 2yr) = {38 — y<J . (23) 

But (3$ = — ahj (27ct + y)(47ct + y) + ay {¥ + t 2 y)(&7ct + Sy) — 2y (A; 2 + t 2 yf 

and ycr = — y* (27ct + 2/) (47d + y) + ay (7c* + <»y)(8fe + Sy) — 2tf{7$ + fyf, 

.: (38-ya = {y- a*){y (27ct + y)(47ct + y)-2 (# + %) 2 } . 

And y — a 2 = a 2 2 — a 2 = a z (z — 1) = a 2 e 2 . Therefore 

(38 — ya = aV | y (2fe + y)(4M + y) — 2(7c*+ thjf \ . 
Therefore, from (23), 

8A + 2y<t = ae{y (27ct + y)(47ct + y) — 2 (7c 2 + %) 2 ^, (24) 

.-. (U + 2/<r) 2 = a % <?\y(27ct + y)(47ct + y) — 2 (lc % + tfyff 

= (y — a?)\y(2H + y)(4Jct + y )-2(V+ fyf\\ (25) 

Now 7c, y and t are known. And, by (14), A is known. Therefore (25) is a 
quadratic equation from which a can be found. The quadratic has its roots 
commensurable, and care must be taken in each case to select that one which 
satisfies all the conditions of the problem. When a has been found, since ah 
and — are known, z and c are known ; and, because z^e 8 ! 1 , the absolute 
value of e is known. The sign with which e is to be taken is determined by 
(24). Next, to find 6, <p and 7i, the third and fourth of equations (9) are 
B" — 1, B'" = 0. Hence, taking the values of B" and B" in (8), 

ahe = 2e (7c % — ch) 6—2 (7c*+ ch)(6 + <pz) + 2 (6 + <p)(4lcc + ah) \ . , 
0=2e(7<?-eh)<p+2(tf + ch)(d + <l>) — (0 + $z)(4lcc + ah) \ [ ' 

But e, 2, a, c, h are known. Therefore, from the simultaneous equations (26), 
6 and <p are known. Therefore, from (7), 7i is known. 
Vol. x. 
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Another way of finding a , c , e , $ , fy and h. 

§11. The values of a, c, e, 6, <p and h may be arrived at in another way. 
Let B and B'a/z be found as in §9. Then, because (see §9) 

hz + h*/z = {B + B'Vzf — (aVz) 5 , 

we have hz = i? 2 + (BVf, 

and h*/z = 2B (B'a/z) — (a*/z)\ 

Here the quantities to which hz and h*/z are equated are known. Therefore 

ft 

h and z are known. When z is known, because ah and — are known, a and c 

a 

are known. Finally, and <p are obtained, as in §10, from the equations (26). 

§12. First Example.— To exemplify the theory, let us take the equation 

cc 5 + 3a; 2 + 2x — 1 = . (27) 

Because h = — •— = ^o ' P* ~ 2 ' ^ 5 = — 1 ' the e( l uations C 11 ) and ( 16 ) 

become 



'& + ,($—«>/)=» + 



27 



1000' 

/125* 500/ 4f 9yN /625y* 583 3y N 

^-g-2/- 9 + 9 lOoj + ^V 9 + 180^ 507 

_ 2 5^ _ 38j/» _ _13y _ 81 
~~ 16 45 200 40000 



I (28) 



The equation (19), obtained by eliminating t from the equations (28), is 

_,, , /25X125S 6 /125*\ 5 /37X125 8 \ 4 /1241xl25'\ , 
*W = C^6") ^ ~ ("TV V + (-18- J ^ ~ ( 90 J »" 
, /3209xl25\ , /5159\ , 109 3 
+ C 36 > -Cl86> + 22500 = °' 

and this has the commensurable root — . Therefore 

Hence, from the two equations (28), 

a 4 

In subsequent examples, when y and t have been found, we shall proceed at 
once to find B and B'a/z, as in §9, without inquiring what a, c, e, 6, q> and h 
are separately. But we desire to illustrate, in one instance, the method of 
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obtaining the values of these quantities which was described in §10, and we will 

use the present instance for that purpose. To find a we take the equation (25), 

(U + 2yrf = (y-a*)\y (2M + y)(4Jct + y) - 2 {¥ + tyf\*. (29) 

4 .20 500' 

Also, from the values of Jc, y and t above given, 

4Jd + y= 52i 



1000' 
47 



Therefore 



*• + <* = looo- 

h = ay (4ft + y) - 2y (» + fy) = - 52 ^+ 4? , 
y = y (2M + y) - a {¥ + fy) = - *&jg± "> , 

<r = F -^ = -500- 
Hence (29) becomes 

125 (323a + 29 f = 36' (1 — 125a 2 ). (30) 

One root of this equation is — -^- . But this root proves on examination to 

9439 
be inadmissible. "We must therefore take the other root, which is — ^ — — ^ . 

25 2 xl3 3 

Then, since c = — , and « 2 a = ~~^r , we have 

— _ 9439 _ _ 9439 
a ~ 25 3 xl3 2 — ~ 25x4225' 

_ 7x9439 
c — — 422500 ' 

__ 5X4225 8 

Z ~ 9439 2 ' 

398 






9439' 

The sign of e is determined in the way pointed out in §10. By means of the 

values of e, z, a, c that have been obtained, we get, from the two equations (26), 

fl _ 125 A _ 18x9439 m _ 125 

6 ~ 199 ' * - ~ 199X846 " ' ° ~ * * ~ ~ 199 ' 
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47 
Therefore, from (7), keeping in view that A = — — — - , 

500 
47 / 9439 v» 



7 _ 47 ( 9439 Y 
* — ~8~ U3x 25x125/' 



Also, from the first two of equations (8), B = — — * and B' = ----- — --—; 
' ^ v ' 100 ' 500x4225 

.:BWz=" Wb 



hz + Wa = Ar 2 ^~ (21125 + 9439^5)1 



u\ — 



ui 



500 

and T , 7 , 1 

625 
Therefore, 

•* = w(» + ¥) + SSn/{t < 21125 + •«'"»} " 

Therefore the root of the given quintic is known. 

§13. To verify this result, we have 9439 V5 = 21106.2456. Therefore 

6l!5\/{ir (21225 + 9439 ^ 5 )} = -79696796, 

6^6\/{"ir ( 21225 — 9439V5)| = .01679462. 

_^(,_M) = ., 1 .,.«r. 

Therefore «J = 1.593932 , %= 1.09773 

— ul= .00000359, —Ui= .08147 

— u\= .00016975, — u % — .17618 

— u\— .03375899, — u s = .50778. 

Therefore u x + « 2 + w 3 + « 4 = .3323. Therefore 

x 5 = .004052 
3x a = .331248 
2x — . 66448 



(31) 



.99978 



Young: Solvable Quintic Equations with Commensurable Coefficients. Ill 
§14. If we wish to exhibit the root as in §9, we find from (8) that 

* + *"■ = £(» + ¥)• 



Therefore, since a 5 a*Vz = — -. ; , , 



625 8 



with corresponding expressions for u\, u\, u\. As a matter of fact, 

®X» + ¥) + &=**{£ <«"» + •«»'»>}■ 

§15. It is interesting to observe the application of the theory to the 
equation x 5 — 3x* + 2a; + 1 = 0, (32) 

whose roots, with the signs changed, are the same as the roots of the equation 

(27). By reference to §7, keeping in view that Jc= — J^ , it will be seen that, 

wherever an odd power of p % occurs as a factor in a term of any one of the 
coefficients of the equation F(y) = 0, an odd power of p 5 occurs as a factor of 
the same term. It follows that, by changing the signs of both^> 3 and j9 5 in the 
equation (27), in other words, by passing from the equation (27) to the equa- 
tion (32), F (y) remains unchanged. Therefore the commensurable root of this 

equation, which we have seen to be — — , is the value of a 2 z for the equation (32) 

G 

as well as for the equation (27). To find t or — , the equations (17) give us 

m — 8kr 
" vm — 8kq 

The values of vn — Shr and vm — 8fcq given in §7 show that, in passing from 
(27) to (32), vn — kr simply changes its sign, while vm — hq remains unaltered. 

Hence t or — has the same absolute value for the equation (32) as for the equa- 
tion (27), the signs, however, being different in the two cases. Consequently, for 

c 7 

the equation (27), — = — . Thus we get 

9439 _ 7x9439 _ 5x4225 2 _ 398 



25X4225' 422500' 9439 3 ' 9439' 



u\ 



Wa 
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Hence, by the first two of equations (8), 

Therefore, for the equation (32), the values of u[, u\, u\ and u\ are 

" x _ ~" 100 V + ~^J ~V llOO 8 V + ~5~7 + 626*} ' 

_ _ 100 V + ~57 + V llOO 1 V + ~TJ + 625 s I ' 
™»~ — 100 V ~5~;~V li00< 3 W - 625* J ' 

W3_ 100 V 5 j+VllOO^ 3 5 y 625 2 J' 

p % not assumed to be zero. 

§17. Let us now consider the more general case in which p % is not assumed 
to be zero. The method that has been illustrated above is still applicable, 
though the labor of operation, in dealing with particular instances, is increased. 

Putting, as before, y for ah, and t for — , we form equations corresponding to 

Qj 

(11) and (16) ; from these we obtain the values of y and t; then we find B and 
B'«/z from equations corresponding to the first two of the group (8); or, B can 
be more readily found from the second of equations (6), and, on the principles 
of §9, when B -\-B's/z is known, u^u^ or g % — y being also known, the root of 
the given quintic is known. 

§18. The values of B and B \Za which correspond, when g or — ^~ is not 

zero, to those given in (8) for the case in which g is zero, are obtained from the 
equations (2) and (3) by keeping in view that, according to the first of equations 
(4), B is the rational part and B' the coefficient of \/z in the expansion of u\. 

Put A'=eh(P — q>*z) ) 

P= 2k {¥ - fy) - tf - y)(gk - ty) [ (33) 

Q= 2t(/<?-fy)-(g*-y)(k-gt) ) 



Then tf- yfB = (<f + y) P + 2gyQ + 2azA'{ttf + y) + 2gkU 

and {f-yfB'=a{2gP + tf + y) Q\ + 2A'{ktf+y)+2gty}! 



(34) 
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By (5) and (6) 

A{g*-y) = g{tf-?y) + azA>, 

and p> 4 = — 20A + 5g* + 15y. 

Therefore ^ = ^| {5g , + ^ _^ ) _ g ^ _ ^ _ (35) 

§19. Prom the second of equations (6), 

P* (<f - Vf + 45 (<? 2 - yf - my (<f - yf = . 
Therefore, from the first of the two equations (34), 

(p, - iOty)(g*-yf + 4 (<f + y) P + 8gyQ + 8azA'{t(g* + y) + 2gh] = 0. 
Putting for azA' its value in (35), 
(9*-y)[(Ps-40ty)(g*-y) + 2(g*+3y-±p i S )\t(g* + y) + 2gkl] 

+ [4 (9* + y)P+ SgazQ- Sg {¥ - fy){t(g* + y) + 2<^] = . (36) 

But, from the values of P and Q , 

4(g* + y)P+8gazQ-8g(7<?-?y){t(g* + y) + 2gk\ 
= \-4tf + y){gh-ty) + 8gy(h- gt)-8 {k + gt){¥ -fy)\tf- y ). 

Therefore, rejecting the common factor g* — y, (36) becomes 

(p 5 - 4(%)(<7 2 - y) + 2 (V + 3y - i-^) { * (g>» + y) + 2^ f 
- 4 (<f + */)(# - ty) + Sgy (7c - gt )-8(k + gt){¥ -fy) = 0. 
Arranging according to the powers of y , 

50yH + y {sg? + 87cf - t^Og* + ~p^ -^ j 

+ t | V (> - f ) - 8^ 3 } + s^ - 8F - ^ <7% = 0. 

This is one equation between the unknown quantities y and £. 
§20. From the last two of the equations (6), 

M (0 3 + <pz) = {¥ + fy) - 2to + (g> — y)(a - <?) 

and 2hz<? (dq>) = 2hzat — {¥ + jft) — (g 2 — y)(aa — gr) . 

But (0 2 — 4> 2 z) 8 = (0 s + ^) 2 — 4s0V . 

Therefore 

aft V (0 3 — tfzf = z { (& 2 + fy) — 2to + (/ — y) (a — gf \ 

- \2hzat- (¥ + i ?y)-(g*-y)(az-gY\. 



(37) 
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Therefore 

z \he(6*-$h)\* = (tf-fyY+(g*-yy + (g*-y){47cty-2g{7c i + ?y)\. 
But A! = he (0 2 — tfz) . Therefore, by (36), 

or, arranging according to the powers of?/, 

25/ — y^fiet* + 5Qgt*—647d + — p t + S5gA 

~9 % {f ~ \p^j+ *gV(f- ±-p t ) - 16&*= 0. (38) 

This is the second equation between the unknown quantities y and £. 

§21. We may now either eliminate t from the two equations (37) and (38) 

so as to obtain an equation 

F(y)=0 

whose coefficients are rational functions of the coefficients of the quintic to be 
solved, or we may eliminate y so as to obtain an equation 

whose coefficients are rational functions of those of the quintic to be solved. In 
the former case, let the commensurable root y of the equation F(y) = be 
found. Then, by (37) and (38), t is known. In the latter case, let the com- 
mensurable root t of the equation 4>(t) = be found. Then, by (37) and (38), y 
is known. When y and t have thus been found, we find B and B'a/z, exactly as 
in §12, from the equations (34), or B can more readily be found from the second 
of equations (6). Then 

ul — B + B's/z + V { (B + B'*Szf — (uiu 4 y } 
= B + B'Vz + V\{B + B'Vzf -(g + aVzf } . 
Therefore x = u x + u± + u % + u 3 

= [B + B'Vz + V{(B + B'Vzf-(g + as/zftf 
+ [B + BWz — V { (B + BWzf -(g + a-v/z) 5 }]* 
+ [B - B'y/z + V{(B - B'Vzf-(g - a^zf\f 
+ [B — BWz — V{(B— B'Vzf —(g — a^zf []*. 

It need scarcely be pointed out that since y = ah, a*/z is known. 
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§22. Second Example. — As an illustrative example, let 
x 5 — lCto 3 — 20cc 3 — 1505x— 7412= 0. 

Here g=z — £?- = l, and 7e = — -^- = 1. Therefore the equations (37) and 
(38) become 

bOyH + y (8t 3 4- 8fi + 5 28i!+7412) + 596* — 6216 = 0, 
and 

25f — (l6t i + 56fi—64t— 1771)?/ — (2384^ — 89384) y — 88804 = 0. 

The commensurable values of y and t which satisfy these equations are y= 2, 
t = — 4 . Then, we can get the values of B and B'\/z from the equations (34), 
keeping in view that azA! is known by (35). As far as B is concerned, it is 
simpler to make use of the second of equations (6), keeping in view that 
acz = ty= — 8 . Therefore 

4B= 7412—320, 
.-. B=z 1773. 

In order to obtain the value of B's/z, we must find P, Q and azA'. By (33) 

and (35), P = — 62 + 9 = — 53, 

Q = 248 + 5= 253, 

and azA' = — 77 + 31= — 46. 

Therefore B'^z = 653aVz + 2A'*/z 

„„„ , 26(az.4') a V z 
= 653aV2 i — / ^ 

= aVz( 653 + 598)= 1251V2, 
.-. B + B'^z — 9(197 + 139V2). 

Hence, since w^ = g» 4- ay's = 1 + V 2 , 

= 9*[(197 + 139V 2)+ VK 197 + 139V2) 2 — -^-(14- V2) 5 ]* 

4-9*[(197 4-139V2)-VUl97+139V2) 3 -^-(l + V2) 5 ]* 

+ 9*[(197— 139V 2)4- VH 197 — 139 'V / 2) 2 —-^-(l — V2) 5 J 

+ 9* [(197— 139 V 2) — V ((197 — 139 V 2) 2 — ^ (1 — V2) 5 ]*. 



x ■ 



VOL. X. 
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To verify this result, 

_1-(1 + V2) 5 = 1.012496, 

-^-(1 — V2) 5 = — .000150535, 
81 

197 + 139\/2 =393.57568, 
(197 + 1 39>/ 2) 2 = 154901.8, 

197 — 139V2 =.424315, 
(197 — 139V 2) 2 = .1800434, 

^/|(197 + 139V2) 3 — ^-(1 + V2) 5 } = 393.57436, 
/|(197 - 139V2) 3 - — (1 — V2) 5 | = .180194. 

Therefore %= 5.888, 

Ui = .412, 
u 2 = 1.502, 
u 3 = — .276, 
.-. £C= 7.526. 

Modification of the Method to Meet Special Oases. 

First special case : When p % and p 3 are both zero. 

§23. When p z and p s are both zero, a modification of the general method is 
rendered necessary by the circumstance that the equations (11) and (16), from 
which y and t are to be found, are then virtually one, and so are insufficient to 
give us the values ofy and t. In fact, they become 

t (?>0f — ~ Pi y) —p& = I 



and f^/'cn^.s 2 



^(50^- —Pty) —iw\ = ° 



j. (39) 



§24. In an article which appeared in No. 2, Vol. VII of this Journal, the 
present writer showed that, when p % and p 3 are both zero, p>i and 2>i have the 



forms 5n 4 (3 — m) 



Pi — 



16+m 1 



_ w 5 (22 + m) 
^» — 16 _j_ m 2 



(40) 
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These expressions for p 4 and p 5 furnish the criterion of solvability for the quintic 

a; 5 +PiX +£>„ = 0. (41) 

The root of the equation is 

x = 0* + a 0* + Aa 2 0* — /ta 3 0*, 

where /I is a root of the quartic equation 

tf — mX % — 62? + ma + 1 = 0, 

and i 2 + 1 



«^(A — 1)' 



and 0_ n 5 ^ — l) 2 



(16 +m 2 )(/l + l)(/l 3 + l)' 
In the same issue of the Journal in which these results were established, 
Mr. J. 0. Glashan of Ottawa, in "Notes on the Quintic," gave the relations 
between the coefficients of the solvable quintic 

a; 5 + p^x 3 + p 3 x 2 + p A x +p 5 =0, 
and, in his wider formulse, the forms of p 4 and p 5 in (40) are included. They 
were subsequently announced by Mr. Emory McClintock, who had discovered 
them independently. It is to be regretted that Mr. Glashan has not made public 
the method by which his conclusions were reached. 

§25. "From our present position the criterion of solvability of the quintic 
(41) can be at once deduced, and the solution of the equation effected more 
readily than by the process employed in the article of the Journal just referred 

to. For, put 4A , 

r m = and n = 2t ; 

y 

then the first of the equations (9) may be written 

p i =5y(S — m). (42) 

Also, by the second of equations (9), 

Pi = — 4B + 40ty. (43) 

But, from the first of equations (8), B =. — t {g + 2A). Therefore 

p 5 = 44ty + 8At= 2ty(22 + m). (44) 

And, by (15), in connection with (14), 

tj, -?=* = ?&, 

••• y 



16 +m 3 16 +m 8 ' 



118 Young : Solvable Quintic Equations with Commensurable Coefficients. 
Therefore also 2f? _ 2fo* _ w> 

*J 1 £ _L_ mn% 



16+m s 16 +m 3 ' 

By the substitution of these values of y and 2ty in (42) and (43), the formulae 
(40) are obtained, n in (40) being what we have called It. To find now the 
root of the equation (41), eliminate m from the equations (40). The result is a 

sextic equation, -fy (n) = . 

When the coefficients of the quintic (41) are commensurable, the sextic 4> ( n ) = 
has a commensurable root. Let this be found. Then n is known. Conse- 
quently, since n—2t, t is known. Then y is known from (39). Then B is 
obtained from the second of equations (9), and B'*/z from (20). Also 

Mjt« 4 = g -\- a*/z = a\/z = \/y . 

Therefore u^ is known. Therefore, as in §9, the root of the given quintic is 
found. 

§26. Third Example. — As an illustrative example, let 

x 5 + -T- x -+- 3750 = 0.. 

Here the equations furnishing the criterion of solvability are 

625 _ 5n*(3 — m) 

16 -\-mr 
These are satisfied by the values m = 2, n = 5. Therefore 

Therefore, by (39), _ 125 

y 4 • 

Therefore, by the second of equations (9), 

625 
B-- — . 



And, by (20), yBWz = — 2 (ch)( Cs /z) = - 2 (fy)(Wy) , 

(JOK 

.-. 5Va = — 2«Vy = — ™ \/5 . 

, B + ^ = -f(x + f). 



Young : Solvable Quintic liquations with Commensurable Coefficients. 119 
And u x u± = a\/z = — r— . Therefore 

H-fo-^M^yo-fy+cTT}] 4 . 

Second special case : When v^u^ = « 3 « 3 . 

§27. In the case in which u 1 u i = u 2 u 3 , a = 0. Consequently, if c is distinct 

c 

from zero, t or — is infinite ; while, if c is zero, t assumes the form -— . As we 
a 

cannot here proceed by finding t, the general method has to be modified. 

§ 28. Because a = , y = ah =0 , and ty = f — )(a*z) = . Also ty = <?z . 
Equation (5) becomes gA = ¥ — (?z. 

Therefore, from the first of equations (6), 

V-<*z=-^(5g>-pJ, (45) 

and, from the second of equations (6), 

p, = — AB. (46) 

From (33) and (35), 

P=2h(¥ — c 2 z) — (g* — ah){gh — acz) 

= 2k(l s — c 2 z) — g 3 7e, 

and a Q = 2at {¥ — ch) — (g 2 — ah){ah — gc) = fc . 

Therefore, from the first of equations (34), taken in connection with (46), 

-i- g*p 5 + h { 2 (jfc» — t»z) — g 3 } + 2czA' = 0. (47) 

But, A' having been put for he (0 2 — <p*z) , we have, from the value of z { lie (0 2 — q>h) \ , 
obtained in §20, 

z (A'f = (** — chf + g 6 — 2g 3 {¥ + <?z) . (48 ) 
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Therefore, from (47), by the elimination of A', 

A(?Z ~ {¥ — cVf + # 8 — 2g* (*» + eh) ' 

But, by (45), c 2 a is known in terms of the coefficients of the given quintic. 
Therefore the equation (49) gives a relation necessarily subsisting between the 
coefficients p % , p 3 , p A and p§ of the solvable quintic in which u x u± = u%u s , in order 
that u^ may be equal to u%u 3 . To find now the root of the quintic, c 2 z is 
known by (45), and B is known by (46). To find B's/z, making use of the 
values of P and aQ and (J.'y'z) 2 obtained above, we have, from the second of 
equations (34), 

g* (.BVe) = cVz { 2 (j&» — <?z) + g 3 \ + 2h (iVz) . (50) 

Now, by the first of equations (34), keeping in view the value of azA' in (35), 

fB — g % \ 27c (P — (?z) — g 3 h} + 2azA' f^\ 
= g*{2Je {¥ — <?z) — g*k) + 2g*czA'. 

As B and ch are known, this equation determines the sign of czA 1 or (c\/z)(A'\/z) , 
and therefore determines the signs with which c+/z and A'*/z are to be taken 
relatively to one another. Hence z (A') 2 being given by (48), B'^/z is given by 
(50). Therefore B + B' s/z is known. And%tt 4 = ^. Therefore, because 

u\=B + B'Vz + V \(B + Bf*/z) -g*\, 

the root of the quintic is known. 

§29. Fourth Example. — As an illustrative example, let 

5 22 3 11 11x42 ,11X89 

* 5 X 25 * ^ 125 X ^ 3125 _U ' 

Finding the value of cH from (45), and substituting in (49), we find that (49) is 
satisfied. Then, as in the preceding section, 

11 x89 



Pt 



= — 4B .: B = 



4x5 s 



5/11 Y 
The value of <?z is -t-tt ( -z?- ) • Therefore 
lo \ 25 / 

* CS_ V25A400 16 )- 100 V 25/ 

/<r + Ca- \25A400^ 16 y _ 200 V 25 > ' 
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From (48), (.,„.,. = (£*»)■. 

The value of czA', obtained from (47), is negative. Therefore c\/z and A*/z 
must have different signs. Put 

. ^=-|(ii)'f. 

Then, from (50), dividing by g 2 , 

" , . 1V5 

And ^^4=: </. Therefore 

This is, in a different form, the value of u\ given by Lagrange. 

§30. Fifth Example. — In the instance just considered, c is distinct from zero. 
It may be well to give an example in which c is zero, as the mode adopted above 
of determining the sign of A'*/z does not apply in that case. Let 

a; 5 + 20a; 3 + 20a; 2 + 30a + 10 = 0. 

Here g = — 2, and h = — 1 . Therefore (45) becomes 

20 (1 — <?z) = — 2 (20 — 30) . 

Therefore <?z = 0. This value of ch satisfies (49). Then, by (46), B = . 

From 48, (A'a/z) 2 = 1+64 +16 = 81 .-. A'*/z = 9. 

Because c is zero, we cannot determine the sign of A'a/z relatively to that of 

c*J%. But the root is the same, whatever sign be taken. Having found A'Vz, 

9 
we have,- from (50), 45 Vz = —2X9 /. B*/z = — . Therefore 

B+JB'V^-~~y = - 7 ' B-B'^z = -~ + ^ = 2. 
And u x u t = <7 = — 2 . Therefore 

u\ = — 7 + V^ 9 — (— 2) 5 } = 2, 
u\ = — 7 — V H 9 — (— 2 ) 5 1 1 = — 16 » 
u\= 2 + V{4+2 5 } = 8, 
u\= 2 — V{4+ 2 5 |=— 4. 

Therefore x = 2* — 2 f + 2* — 2*- 
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§31. In the article of the American Journal of Mathematics (Yol. YI, page 
103) referred to in the opening paragraph of this paper, the solvable irreducible 
quintic in which u^ is equal to u % u s was discussed, and the roots of the equa- 
tion were shown to be determinable in terms of the coefficients p 2 , p s , etc., even 
while these coefficients have no definite numerical values assigned to them, but 
remain symbolical. The solution that has now been given is much simpler than 
the former; equally with the former, it is applicable to equations with symbol- 
ical coefficients, the assumption being of course made that the coefficients are 
related as in (49); and it possesses the advantage of being part of a general 
theory. 

Additional Examples. 

§32. Sixth Example. — Let 

cc 5 + 320a? — lOOOx + 4288 = . 

Here # = , 7c = — 16. Because g = 0, we use the formulae (11) and (16). The 
commensurable values of y and t which satisfy (11) and (16) are 

y=8, t=6. 
Also, by (14), .4=56. 

Therefore, from the second of equations (9) and from (20), 

B = — 16X37, BVa=- 16 X 20, 

.-. 5+5Vz=- 16 (37 + 20V 2). 

And m^« 4 = — 2\/ 2 . Therefore 

x = u x + u A + u 2 -\- u 3 
= [—16(37 + 20 V 2) + Vj256(37 + 20V2) 2 — (— 2V2) 5 }]* 
+ [— 16 (37 + 20V 2) — V { 256 (37 + 20V 2) 2 — (— 2V 2) 5 J]* 
_|_ [_16(37— 20V2) + V|256(37 — 20V2) 3 — (2V2) 5 f]* 
+ [—16(37— 20V2) — VJ256(37 — 20V2) 3 — (2V2) 5 j] i . 

§33. Seventh Example. — Let 

(^)'+K^)-Kto)+ 108 =°' 

or, cc 5 + 40000a: 8 — 690000a; + 10800000 = . 

Here <7= 0, k= — 2000. Because #=0, we use the formulae (11) and (16). 
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The commensurable values of y and t which satisfy (11) and (16) are 

?/=2000, t= 50. 
Also, by (14), .1 = 36000. 

Therefore, from the second of equations (9) and from (20), 
B = — 1700000, B'Vz= — 400000V 5. 

And u^ = — 20\/5. Therefore 
x = % + u A + u % -\- u 3 
= [— 100000 (17 + 4</6) + V\ 100000 3 (17 + W&Y + (20V5) 5 f]i 
+ [— 100000 (17 + W5) — Vl 100000 2 (17 + 4V5) 2 + (20\/5) 5 }]i 
+ [— 100000 (17 — 4V5> +V{ 100000 3 (17 — W5f — (20V5) 5 }]* 
+ [— 100000(17 — 4V5) + V{100000 2 (17 — 4V5) 2 — (20V5) 5 }]*. 

§34. Eighth Example. — Let 

X s — 20a; 3 + 250a; — 400 = . 

Here g = 2, k = 0. Because g is distinct from zero, we use not the formulae 
(11) and (16) as in the two preceding examples, but (37) and (38). The com- 
mensurable values of y and t which satisfy (37) and (38) are 

y=2, t = -2. 

Therefore, from the second of equations (6), i?=60. The value of az A! is 
obtained from (35). Thus, since (A'\/z)(a\/z) = azA', and since a\fz =\Z^=V2, 
the value of A'*/z is known. Then, by the second of equations (34), B'^/z = 44V2. 
Therefore B + B'Vz = 4(15 + 11^2). 

And «!% = g + aVz = 2 + s/2. Therefore 
x = u x 4- u t 4- u % + u s 
= [4(15 + ll\/2)4- V-jl6(l5 + 11V2) 2 — (2 4-V2) 5 j]i 
+ [4 (15 + 11V2) — */{ 16 (15 + 1 1V2) 2 — (2 + \/2) 5 }]* 
+ [4 (15 — 11V2) 4- V{ 16 (15 — 11V2) 2 — (2 — V2) 5 }]* 
4- [4(15 — 11V2) — VJ 16(15 — 11V2) 2 — (2 — V2)4]*- 
§35. Ninth Example. — Let 

a? — 5ar H — — x — = . 

8 2 

Here g= — -, k= 0. Because g is distinct from zero, we use the formulae (37) 
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and (38). The commensurable values of y and t which satisfy (37) and (38) are 

y=~,t=-i. 

Therefore, from the second of equations (6), B = — . Finding Als/z as in the 
immediately preceding example, we have, from the second of equations (34), 

B*/z = -|- V 2 . The r efor e 

8 

B + B'Vz=~(l+V2). 
And u&i = -— (2 + \/2). Therefore 

4: 

X = %l x + W 4 + U 2 + ?i 3 

= [i(l + V2)+^{^(l+V2)'_i(2 + v /2)»}] ! 
+ [|(1+V2)- N /|A (I + V2) .__L (2 + V2 ).|] 5 
+ [|-(W2)+ V 'jA (I _ V2)! _J r0W2 ).}]' 

+ [| (1 - V2) -./J A (1 - V2)' - -Jr (2 - V2)=| ]*. 

§36. TfentfA. Example. — Let 

R , 20cc , 21 
* 5 +l7+T7- = - 

This and the next two examples are intended as additional illustrations of the 
method to be followed when p % and p 3 are both zero. The equations furnishing 
the criterion of solvability given in §24 are 

20 __ 5ra 4 (3 — m) 
If ~ 16 +m 3 

and 21 __n 5 (22 + m) 



17 16 + m 



2 ' 



and they are satisfied by the commensurable values m — — 1 , n = 1 . But, by 
§25, n = 2t. Therefore t = ~. Putting h = and £=—, equation (11) 
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becomes 1 /__ 2 \ 

1 . . . V17 

y = tt av ^ z = * s/ y = "17" • 

/17 
Therefore also c\Za = tf (a</z) = ^-— - . Therefore, by (20), 

yB'Vz = - 2 (c 2 2 )(cVs) .-. 5Vz = - ^ . 

And, by the second of equations (9), 5 = — . Therefore 

68 

B + Ba/z = — JL (1 + ^17). 
And %w 4 = ^— . Therefore 

+ [ _ 1 L (1 _ vl7) _ v/ { C _^; +( ^y} ] *. 

§37. Eleventh Example. — Let 

_ 4a; , 29 

The equations furnishing the criterion of solvability are 

JL — 5 ^ 4 ( 3 — m ) 
~ "13 ~" ' 16 +m 2 ' 
29__ n B (22 + m) 
65~~~ 16 +m 3 ' 

and they are satisfied by the values m = 7 , n = 1 . By §25, » = 2t. Therefore 
t = — . Therefore, from (11), 3/ = — . Therefore 

as/z ~65 ■ Csf% ~ t ( a ^ = 130" ' 

Therefore, by (20), yBWz = — 2 (c a z)(<Vz) . Therefore B'Vz — — ^ . And, 

9 
by the second of equations (9), B = — -— . Therefore 
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And u^t = ^— - . Therefore 

+[-4r-vK 9 ^ 5 )*-(^) 5 }]* 
+[-^M(^ 65 ) , +(W 

§38. Twelfth Example. —Let 

^ + -13- + l3- = °- 

The equations furnishing the criterion of solvability are 

10 _ 5n 4 (3 — m) 
JL3~ "~ 16 +m 3 ' 
_3_ _ n 5 (22 + m) 
l3" — 16 + m 3 ' 

and they are satisfied by the values m = — 7 , w = 1 . By §25, n = 2t. There- 
fore t = — . Therefore, from (11), ?/ = — — . Therefore 



2 * — —~ v"/'./ 65 

V65 



C\/2 = ^Vy 



130 



V65 



And, by (20), yBWz = —2 {ch){Wz). Therefore B'Vz = — %£. And, by 
the second of equations (9), B = — — . Therefore 

And u-iiii = ™-- . Therefore 

' _r5-V65 ,(/ 5-y 65y /V65\»)-,i 

[- 5-V65 _ / f / 6-V66 Y /V65\» ) "1* 
"^ L 260 VlV 260 / V 65 / j J 

+[ 5 4rv{( B 4r)+(^) , |] i 
+[^r-V{(^ 6s T+(^) t }] J 
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§39. Thirteenth Example. — Let 

. a; 5 +110(5a; 3 + 60a; 2 + 800;c + 8320) = 0. 

Here gr = — 55, k= — 330, and the commensurable values of y and t which 

satisfy (37) and (38) are 

y — 5 X ll 2 , t— 10. 

Therefore, from the second of equations (6), B — — 220 X 765. Finding A'*/z 
as in the second example, we have, from the second of equations (34), 
B'a/z = — 220 X 337\/5 . Therefore 

B + B'Vz = — 220 (765 + 337V5) . 

And w x m 4 = — 11 (5 + V5). Therefore 

cc=[— 220(765 + 337V5)+\^220 2 (765 + 337V5) 2 — (— 55 — 1W5) 5 }]* 

+ [—220(765 + 337V5)— V^220 2 (765 + 337V5) 2 — (— 55 — 11V5) 5 }]* 

+ [— 220 (765 — 337V5) + V{ 220 2 (765 — 337V5) 2 — (— 55 + ll\/5) 5 f]i 

+ [— 220(765 — 337\/5) — V J220 2 (765— 337\/5) 2 — (— 55 + llV5) 5 j]i 

§40. Fourteenth Example. — Let 

X" — 20cc 3 — 80cc 2 — 150a — 656 = . 

Here g = 2, h = 4, and the commensurable values of y and t which satisfy (37) 
and (38) are y— 2, t=2. 

Therefore, from the second of equations (6), B = 204. Finding A'*/z as in the 
immediately preceding example, we have, from the second of equations (34), 
B'Vz=14W2. Therefore 

5=12X17, and B*/z= 144\/2, 
.-. J5 + JSVs= 12(17 + 12\/2). 

And «iW 4 = 2 + \/2. Therefore 

%i = % + u 4 + ^ + u 3 

= [12(17 + 12>/2) + V{144(17 + 12V2) 2 — (2 + V2) 5 f]i 
+ [12(17 + 12\/2) — \/|144(17 + 12\/2) 2 — (2 + V2) 5 }]* 
+ [12(17 — 12^/2) +\Z{144(17 — 12V2) 2 — (2— V2) 5 }]* 
+ [12(17 — 12^2) — \/|l44(17 — 12V2) 2 — (2— V2) 5 ^]*. 

§41. Fifteenth Example. — Let 

a; 5 — 40cc 3 + 160a; 2 + lOOOx — 5888 = 0. 
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Here g = 4 , h = — 8 , and the commensurable values of y and t which satisfy 
(37) and (38) are y=8,t= — 4. 

Therefore, from the second of equations (6), B = 1152. Finding Als/z as in 
the two preceding examples, we have, from the second of equations (34), 
B'Vz = 8 1 6 V 2 . Therefore 

B + BWz = 48 (24 -f 17\/2) . 

And UiU 4 = 4 + 2\/2. Therefore 

a; =[48 (24+ 17V2) + \/]48 2 (24 + 17V2) 2 — (4+ 2V2) 5 []i 
+ [48(24+ 17V2) — V{48 2 (24 + 17V2) 2 — (4 + 2V2) 5 }]* 
+ [48(24— 17V2) + \/{48 2 (24— 17\Z2) 3 — (4 — 2\/2) 5 j]i 
+ [48(24— 17V2)— vi48 a (24 — 17v/2) 3 — (4— 2V2) 5 j]i 

§42. Sixteenth Example. — Let 

(r)- 60 Of)" 60 » (D- 200 ° (t) - »™ = o- 

or x 5 — 200a; 3 — 4800a; 2 — 32000a; — 3200 X 112 = 0. 

Here g = 20, & = 240, and the commensurable values of y and t which satisfy 

(37) and (38) are y = 80 , t = 20 . 

Therefore, from the second of equations (6), B = 640 X 165. Finding A!\/z as 
in the preceding examples of the same type, we have, from the second of equa- 
tions (34), BWz = 640 X 73V5. Therefore 

B + B's/z = 640 (165 + 73\/5). 

And Ujti 4 = 4 (5 + V5) . Therefore 

x = [640 (165 + 73V5) + V{640 2 (165 + 73V5) 2 — (20 + W5f}]i 
+ [640 (165 + 73V5) — s/\ 640 2 (165 + 73\/5) 2 — (20 + Wof\]i 
+ [640 (165 — 73V5) + V\ 640 2 (165 — 73V5) 2 — (20 — W5)'f]i 
+ [640 (165 — 73V5) — s/\ 640 2 (165 — 73«/5) 2 — (20 — 4V5) 5 j]i 

§43. Seventeenth Example. — Let 

a; 5 + 110 (5a; 3 + 20a; 2 — 360a; + 800) = 0. 

Here g = — 55, h = — 110, and the commensurable values of y and t which 

satisfy (37) and (38) are 

y = 5 X ll 2 , t = — 10. 
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Therefore, from the second of equations (6), B = — 11 x 7500. Finding AWz 
as in preceding examples of the same type, we have, from the second of equa- 
tions (34), BWz = — 11 X 2700V5. Therefore 

B + BWz = — 3300 (25 + 9V5). 
And u x Ui = — 11 (5 + -\/5). Therefore 

x= [— 3300(25 + W5) + \^3300 2 (25 + 9V5) 2 + H 5 (5 + \/5) 5 ^]i 

• + [— 3300 (25 + 9\/5) — s/{ 3300 2 (25 + 9\/5) 2 + ll 5 (5 + \/5) 5 []i 

+ [_ 3300(25 — 9V5) + \/^3300 2 (25 — 9\/5) 2 + ll 5 (5 — V5) 5 j]* 

+ [— 3300 (25 — 9V5) — V{ 3300 2 (25 — 9\/5) 2 + H 5 (5 — «/5) 5 }]i 

§44. Eighteenth Example. — Let 

a; 5 — 20x 3 + 320a; 2 + 540.C 4- 638 = 0. 

Here g = 2, k = — 16, and the commensurable values of y and t that satisfy 
(37) and (38) are y = 8 , t — — 5 . 

Therefore, from the second of equations (6), and the second of equations (34), 

B = —12X166, BWz = — 12 X 117V2, 

.-. B + BWz = — 12(166 + 117^2). 

And tijUi =2(1+4/2). Therefore 

x = [— 12(166 + 117V2) + V{ 144 (166 + 117V2) 2 — 32(1 + \/2) 5 |]i 
+ [— 12(166 + 117V2) — VJ 144 (166 + 117\/2) 2 — 32 (1 + ^2f\]l 
+ [— 12(166— 117V2) + V| 144 (166 — 117V2) 2 — 32 (1 — V2) 5 |]? 
+ [— 12(166 — 117V2) — VJ 144(166 — 117V2) 2 — 32 (1 — V2) 5 j]i 

§45. Nineteenth Example. — Let 

x 5 — 20x 3 — 160CC 2 — 420a— 8928 = 0. 

Here g = 2, & = 8 , and the commensurable values of y and t which satisfy (37) 

7 
and (38) are y = 72, t = — . 

Therefore, from the second of equations (6), B = 552. Finding AWz as in 
preceding examples of the same type, we have, from the second of equations 
(34), BWz = — 284V2. Therefore 

B + BWz = 4 (138 — 71V2) . 
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And u x u 4 =2 — 6\/2. Therefore 

x = [4(l38 — 71V2) + V^ 16 (138— 7W2f— (2 — 6\/2) 5 £]i 
+ [4(138 — 71V2) — Vil6(138 — 71V2) 2 — (2 — 6\/2) 5 j]i 
+ [4(138 +71V2) + vjl6(138 + 7W2) 2 — (2 + W2f\}i 
+ [4 (138 + 71V2) — a/\ 16 (138 + 71V2) 2 — (2 + 6\/2) 5 |]i 

§46. Twentieth Example. — Let 

x 5 — 20a; 3 + 170x + 208 = 0. 

Here g = 2, Tc = , and the commensurable values of y and t which satisfy (37) 

and (38) are y = 2, t = 2. 

Then in the usual way we get 

B + BWz= — 12(1— V2). 
And u^ = 2 + s/2 . Therefore 

x= [— 12(1— V2) + V£ 144(1— V2f— (2 + V2) 5 |]i 
+ [— 12(1— V2) — VJ 144(1 — V2) 2 — (2 + V2) 5 |]i 
+ [-12(1 +V2) + n/^ 144(1 + V2) 2 -(2-V2) 5 j]* 
+ [- 12(1 +V2)-V{ 144(1 +V2) 2 -(2-V2) 5 Hi 



